By using conformal-field theory, we classify the possible irrelevant operators for the Ising model with nearest-neighbor interactions on the square and triangular lattices. We analyze the existing results for the free energy and its derivatives and for the correlation length, showing that they are in agreement with the conformalfield theory predictions. Moreover, these results imply that the nonlinear scaling field of the energy-momentum tensor vanishes at the critical point. Several other peculiar cancellations are explained in terms of a number of general conjectures. We show that all existing results on the square and triangular lattice are consistent with the assumption that only nonzero spin operators are present.
Introduction
The role of the irrelevant operators in the two-dimensional Ising model with nearestneighbor interactions has been extensively discussed in the literature. The first important result is due to Aharony and Fisher [1] , who showed, by using the exact results for the free energy and the magnetization in infinite volume, that the first correction to the susceptibility could be explained in terms of purely analytic corrections, i.e. without introducing any contribution due to irrelevant operators. The conclusions of Aharony and Fisher were strengthened by the analysis of [2] , that showed that the behavior of χ up to O(t 4 ) was fully compatible with the absence of irrelevant operators. 1 These results gave rise to the idea (which has never received the status of an explicit conjecture as far as we know, but which has been commonly accepted in the statistical-mechanics community) that no contribution from irrelevant operators is present in the free energy of the two-dimensional Ising model with nearest-neighbor interactions. Of course, such a statement cannot be generically correct, since the lattice Ising model shows explicit violations of rotational invariance that must be due to nonrotationally invariant irrelevant operators. In particular, in [4] , from the analysis of the mass gap, irrelevant corrections with renormalization-group (RG) dimension y = −2 (respectively y = −4) were clearly identified on the square (resp. triangular) lattice. Of course, the question remained if these operators did contribute to the free energy.
The analysis of the susceptibility of [2] has been recently extended in [5, 6] . In [6] , thanks to an impressive progress in the construction and analysis of the series expansions for the susceptibility, it was clearly shown that at least two irrelevant operators contribute to the expansion of the susceptibility for h = 0 near the critical point. However, while these results show without doubts the presence of irrelevant operators, they do not characterize them. In particular, the identification of these irrelevant operators with the corresponding quasiprimary fields of the Ising Conformal Field Theory (CFT) is still an open problem. In this paper we try to make some progress in this direction.
We shall address this problem in three steps:
1] First, we shall discuss the CFT that describes the Ising model at the critical point. We shall list all operators that may appear as irrelevant ones in the lattice Ising model.
2]
Then, we shall compare the CFT predictions with the exact results for the free energy and for the magnetization and with the results for the susceptibility reported in [6] .
We shall see that these results are in perfect agreement with the RG and CFT, but have also peculiar features that can be explained if we make some additional hypotheses. The existence in the nearest-neighbor Ising model of exact transformations that map the high-temperature phase onto the low-temperature one (duality or inversion transformations) plays here a major role, indicating that these peculiar features are strictly related to the (partial) solubility of the model.
3]
The conclusions reached in the analysis of the infinite-volume free energy and of its derivatives are further strengthened by the analysis of the mass gap (exponential correlation length) and of the finite-size scaling of the free energy and of its thermal derivatives at the critical point (we use here the results of [7] [8] [9] ). Finally, we analyze the finite-size scaling of the susceptibility at the critical point, showing that the dependence on the boundary conditions is in perfect agreement with the conjectures we have made.
Since the analysis is rather involved and the reader could be lost in the technical details of the forthcoming sections, we anticipate here our main findings:
• We do not find any evidence for the presence of the leading spin-zero irrelevant operator predicted by CFT, the energy-momentum tensor. This result was already anticipated in [10] [11] [12] for the two-dimensional square-lattice Ising model and in [13] for the one-dimensional Ising quantum chain. Also, on the triangular lattice we do not observe the next-to-leading spin-zero irrelevant operator that has RG dimension y = −6.
• As mentioned above, we find unambiguous evidence of the presence of nonzero-spin irrelevant operators in the spectrum. This is not surprising, since such operators are those that describe the lattice breaking of the rotational symmetry. What is surprising is that all results can be explained in terms of the following conjecture:
"The only irrelevant operators which appear in the two-dimensional nearest-neighbor Ising model are those due to the lattice breaking of the rotational symmetry."
In some sense it can be considered as a renewed version of the original idea of Aharony and Fisher.
Note that this conjecture applies only to the Ising model with nearest-neighbor interactions and it is not known whether other formulations of the Ising model satisfy the same conjecture (probably they don't!). Moreover, one must in principle distinguish between different lattice types. We find that both the square-lattice and the triangular-lattice results are compatible with the conjecture, but it remains to be understood if it may also hold on other less canonical lattices, for instance for honeycomb or Kagomé lattices. This paper is organized as follows. In Sec. 2 we describe the model, set our notations, and report the basic results that are needed in the following analysis. In Sec. 3 we report the CFT analysis of the model at criticality and classify the possible irrelevant operators. In Sec. 4 we discuss the infinite-volume free energy and its derivatives with respect to h for h = 0. We show that the exact results and the results of [6] have properties that cannot be anticipated from CFT and RG alone. In order to explain them, we put forward four conjectures that are justified in Sec. 4.2 on the basis of the available results. In Sec. 4.3, on the basis of the conjectures we have made, we obtain some general predictions for the susceptibility on the triangular lattice. The extension of the results of [6] to such a lattice is very important in order to understand the validity of our conjectures. In Sec. 5 we discuss the critical behavior of the exponential correlation length. The analysis on the triangular lattice is particularly interesting and gives strong support to the conjecture we have presented above. In Sec. 6 and 7 we consider the finite-size scaling of several quantities at the critical point. We show that the existence of an inversion (duality) transformation and the general conjecture presented above explain some peculiar features of the results found in [7] [8] [9] . In Sec. 8 we summarize the results and discuss some open problems.
The Ising model with nearest-neighbor interactions
The two-dimensional Ising model is defined by the partition function
where the spin variables σ n are defined on the sites n of a regular lattice and take the values {±1}. The model has two phases: the low-temperature one, in which the Z 2 symmetry is spontaneously broken and the high-temperature one in which the symmetry is restored. The two phases are separated by a critical point which is located at β = β c . In the following we will study several observables. We define 2 the free-energy density F (β, h), the energy per site E(β, h), the specific heat C(β, h), the magnetization per site M(β, h), and the susceptibility χ(β, h):
2)
3)
In (2.2) N is the number of sites of a finite lattice.
The square lattice
On the square lattice
and we will measure the deviations from the critical temperature in terms of the variable τ introduced in [6] :
For β = β c , τ = 0, while τ > 0 (resp. τ < 0) for β < β c (resp. β > β c ).
We will use the exact expressions for the free-energy density and magnetization in zero field given by [14] 
where
In this work, the duality transformation that maps the high-temperature phase onto the low-temperature one plays an important role. The variable τ transforms naturally under such transformation, i.e. τ → −τ . It is easy to verify that
, (2.13)
By using the exact expressions for the free energy and the magnetization we define two functions a(τ ) and b(τ ) that will play a major role below. They are defined by requiring
where a(τ ), b(τ ), and A 0 (τ ) are regular functions 3 of τ , a(τ ) ≈ τ for τ → 0, b(0) = 1, and A and B are constants. Explicitly we find 19) and
Under duality,
Although the susceptibility in zero field has not been computed exactly, its behavior for h = 0, τ → 0 is quite well known. In [6] the asymptotic behavior of χ for h = 0 in both phases was obtained: 22) where F ± (τ ) are regular functions of τ ,
and τ is defined in (2.8). Here χ + (τ ) (χ − (τ )) is the susceptibility in the high-(low-) temperature phase. By a careful numerical study, reference [6] found two additional important properties of F ± (τ ). First, F ± (τ ) are even functions of τ . There is no rigorous proof, but we note that a similar property is satisfied by the two-point function in the large-x limit, see Sec. 5.1. Moreover, the results of [6] can be written as
where G ± (z) are even functions of z, and a(τ ) and b(τ ) are defined in Eqs. (2.16), (2.17) . Explicitly 25) where f (6) ± are numerical coefficients reported in [6] . Note the absence of the term of order z 2 , a result that will play a major role below.
The triangular lattice
On the triangular lattice β c = We measure the deviations from the critical temperature in terms of the variable τ defined by 27) where v ≡ tanh β. Under the inversion transformation that maps the high-temperature phase onto the low-temperature one,
it transforms simply as τ → −τ . It is thus the analogous of the variable (2.8) introduced in [6] . In zero field, the free-energy density is given by [15] F (τ, 0) =
the magnetization by (2.10), where [15] 
Under τ → −τ , relations (2.13), (2.14), and (2.15) hold on the triangular lattice too. From the expressions of the magnetization and of the free energy, we can compute the functions a(τ ) and b(τ ) that are defined by (2.16) and (2.17) . In this case we obtain
As in the square-lattice case, the functions a(τ ) and b(τ ) satisfy the duality relations (2.21).
3 Conformal field theory analysis
Primary and secondary fields
The Ising model at the critical point is described by the unitary minimal CFT with central charge c = 1/2 [16] . Its spectrum can be divided into three conformal families characterized by different transformation properties under the dual and Z 2 symmetries of the model. They are the identity, spin, and energy families and are commonly denoted as
. Let us discuss their features in detail.
• Primary fields Each family contains an operator which is called primary field (and gives the name to the entire family). Their conformal weights are h I = 0, h σ = 1/16 and h ǫ = 1/2 respectively. Since the RG eigenvalues are related to the conformal weights by y = 2 − 2h, all primary fields are relevant.
• Secondary fields
All the remaining operators of the three families (which are called secondary fields) are generated from the primary ones by applying the generators L −i andL −i of the Virasoro algebra defined by
It can be shown that, by applying a generator of index k, L −k orL −k , to a field φ (where φ = I, ǫ, σ depending on the case) of conformal weight h φ , a new operator of weight h = h φ + k is obtained. In general, any combination of L −i andL −i is allowed. If we denote with n the sum of the indices of the generators of type L −i and withn the sum of those of typeL −i , the conformal weight of the resulting operator is h φ + n +n. The corresponding RG eigenvalue is y = 2 − 2h φ − n −n.
• Nonzero spin states
The secondary fields may have nonzero spin, which is given by the difference n − n. In general, one is interested in quantities that are invariant under the lattice rotation group, and thus in operators that belong to its identity representation. Since the lattice invariance group is a finite subgroup of the rotation group, in the lattice discretization of a scalar operator, operators that do not have spin zero, i.e. transform nontrivially for general rotations, may appear. The invariance group of the square lattice is the finite subgroup C 4 (cyclic group of order four), which has four representations of "discrete" spin 0, 1, 2, and 3. An observable that transforms as a spin-j representation under the full rotation group belongs to a representation of discrete spin j (mod 4) under the action of C 4 . Therefore, a lattice scalar operator is expressed as a sum of continuum operators of spin 4j, j ∈ IN. Analogously, on a triangular lattice the rotation group is broken to the cyclic group of order six C 6 . In this case, a lattice scalar operator is expressed in terms of continuum operators of spin 6j, j ∈ IN.
• Null vectors Some of the secondary fields disappear from the spectrum due to the null-vector conditions (see [16] ). In particular, this happens for one of the two states at level 2 in the [σ] and [ǫ] families and for the unique state at level 1 in the identity family. From each null state one can generate, by applying the Virasoro operators, a whole family of null states. Hence, at level 2 in the identity family there is only one surviving secondary field, which can be identified with the stress-energy tensor T (orT ). The second null vector in the σ family appears at level 3 while in the ǫ family it appears at level 4. This fact will play an important role in the following.
• Secondary fields generated by L −1
Among all secondary fields, a particular role is played by those generated by the L −1 Virasoro generator. L −1 is the generator of translations on the lattice and as a consequence, it has zero eigenvalue on translationally invariant observables. Another way to state this result is that L −1 can be represented as a total derivative, and as such it gives zero if applied to an operator which is the integral of a suitable density over the lattice, i.e. a translationally invariant operator.
• Quasiprimary operators.
A quasiprimary field |Q > is a secondary field which satisfies the equation
This condition eliminates all the secondary fields which are generated by L −1 . The quasiprimary operators are the only ones that may appear in translationally invariant quantities.
Quasiprimary states and irrelevant operators.
It is easy to construct, by using (3.2), all the low-lying quasiprimary states. Here is the list of all quasiprimary operators up to level 10.
• In the Identity family there is one quasiprimary state at levels 2, 4, and 6 and two quasiprimary states at levels 8 and 10;
• In the energy family there is one quasiprimary state at levels 4, 6, 7, 8, and 9 and two quasiprimary states at level 10;
• In the [σ] family there is one quasiprimary state at levels 3, 5, 6, 7, and 8 and two quasiprimary states at levels 9 and 10.
For all these states it is possible to give the exact expression in terms of the Virasoro generators (even if it becomes increasingly cumbersome as the level increases). For instance, in the identity family one finds Q
at level 2 and 4 respectively, where we have introduced the notation Q η n to denote the quasiprimary state at level n in the η family.
Let us now construct from the Q η n listed above the irrelevant operators which could appear in any lattice translationally invariant quantity. We list below those that have RG eigenvalue |y| < 10. We will classify them by their spin, since operators of different spin appear on different lattices. Spin-zero operators are relevant in all cases, spin-(4n) operators appear on the square lattice, while spin-(6n) operators play a role only on the triangular lattice.
The spin-0 operators are the following:
• Identity family:
2 whose weight is 4 and RG eigenvalue is −2; Q I 4Q I 4 whose weight is 8 and RG eigenvalue is −6;
• Energy family:
4 whose weight is 9 and RG eigenvalue is −7;
• Spin family:
3 whose weight is 6 + and RG eigenvalue is −(8 +
8
).
On the square lattice we should consider the spin-four operators:
whose weight is 4 and RG eigenvalue is −2; Q
6 whose weight is 8 and RG eigenvalue is −6;
whose weight is 5 and RG eigenvalue is −3.
• Spin family:Q and RG eigenvalue is −(8 +
Also the spin-eight contribute on the square lattice at this order:
8 whose weight is 8 and RG eigenvalue is −6;
whose weight is 9 and RG eigenvalue is −7;
and RG eigenvalue is −(6 +
On the triangular lattice we should consider the spin-six operators:
6 whose weight is 6 and RG eigenvalue is −4; Q ).
Higher-order spins contribute operators with y ≤ −10. For instance, in the identity family one should consider the spin-12 operator Q I 12 +Q I 12 whose weight is 12 and RG eigenvalue is −10.
Among these operators, the most important ones are:
2 that has spin zero and y = −2 and should be considered both for the square and the triangular lattice; Q (with y = −2) and Q I 6 +Q I 6 (with y = −4) that are the leading operators that break rotational invariance on the square and on the triangular lattice respectively. These operators can be explicitly related to the energy-momentum tensor. The relations are: Q
These operators will play an important role in the following discussion.
As a general remark, it is important to notice that, since only even-spin operators are of interest, the dimensions y of the operators satisfy the following conditions: y ∈ 2Z for the identity family, y ∈ 2Z + 1 for the energy family, and y ∈ 2Z − 1 8 for the spin family. Finally, we want to discuss the role of the symmetries. On the lattice there are two exact symmetries that will play an important role.
• Z 2 symmetry: (h → −h). Under this transformation the operators belonging to the identity and to the energy family are even, while the operators belonging to the spin family are odd.
• duality (inversion) symmetry for h = 0. This transformation maps the hightemperature phase onto the low-temperature one and with our choice of variable τ (see (2.8) and (2.27) for the square and the triangular lattice respectively) it corresponds to the mapping τ → −τ . Under this transformation (see, e.g., Appendix E of [16] ) the identity operators are even, the energy operators are odd, while the [σ]-family operators do not have a well-defined behavior.
4 Infinite-volume zero-momentum quantities for h = 0
In this Section, using the results of Sec. 3, we shall derive the scaling behavior of the free energy, magnetization, and susceptibility at h = 0 and we will compare these results with the exact expressions for F (τ, 0) and M(τ, 0) and with the results of [6] on the square lattice. We will verify that the structure of these expressions is in agreement with the RG predictions, although the complicated logarithmic dependence found in [6] requires an extension of the usual scaling expressions. Moreover, the exact results and those of [6] have additional properties that are specific of the lattice nearest-neighbor Ising model and are probably not satisfied by a generic model belonging to the Ising universality class. All these properties can be explained if we make some general conjectures: they will be presented in Sec. 4.1.
We present a general analysis for the square and the triangular lattice. In particular, we will show that the extension of the work of [6] to the triangular lattice would provide strong support for (or rule out) our conjectures.
Renormalization-group predictions and conjectures
We wish now to derive the asymptotic behavior of F (τ, 0), M(τ, 0), and χ(τ, 0) by using the RG approach and the classification of the irrelevant operators presented in Sec. 3.2. We write the free energy as [17] 
where f b (τ, h) is a regular function 4 of τ and h 2 , u t and u j are nonlinear scaling fields associated with the temperature and with all other operators with corresponding dimensions y t = 1 and y j . They include the nonlinear scaling field associated with the magnetic field with dimension y h = 15/8 and those associated with all irrelevant operators. Note the presence of the logarithmic term due to a resonance 5 between the thermal and the identity operator which is responsible of the log-type singularity in the specific heat [17] . The nonlinear scaling fields are analytic functions of τ and h that have well-defined transformation properties under h → −h. Those associated with the identity and the energy family are even under the transformation, while those associated with the [σ] family (and thus u h too) are odd. For our purposes we can expand
The Z 2 -even operators belong to the identity and the energy family and thus, for h = 0, they have well-defined properties under duality:
In general, we expect µ I j (0) = 0, and therefore we can normalize these scaling fields by requiring µ I j (0) = 1. On the other hand, the energy-family scaling fields-including that associated with the temperature-vanish for τ = 0 and thus we normalize them by requiring µ ǫ j (τ ) ≈ τ . The spin-family fields are normalized by requiring v j (0) = 1. Let us now present our basic conjectures that will be justified in Sec. 4.2 on the basis of the exact expressions for the free energy and the magnetization and of the results of [6] . Two conjectures will be presented in different forms. The analysis reported here of the infinite-volume quantities gives only evidence for the weaker versions (c1) and (d0). Evidence for (c2) will be provided in Sec. 6, and evidence for (d1)/(d2) in Sec. 5.2. As we will discuss, the analysis of χ on the triangular lattice should be able to discriminate between (d1) and (d2).
Let us now give the list of the conjectures:
(a) Consider a [σ]-family operator, and let v j (τ ) be the corresponding nonlinear scaling field for h → 0, cf. (4.4). Then, either v j (τ ) = 0, i.e. the corresponding operator is decoupled, or
Such a relation should be satisfied by v h (τ ) since the corresponding operator does not decouple.
(b) The functions f ± andf ± are even functions of the nonlinear scaling fields associated with the energy family.
(c1) The functionsf ± depend only on the Z-even scaling fields.
(c2) Stronger version of the previous one: The functionsf ± are constant. Such a conjecture was already made by Aharony and Fisher [1] .
(d0) The nonlinear scaling field of the TT operator vanishes at the critical point: u TT (0, 0) = 0.
(d1) Stronger version of (d0): The operator TT decouples, i.e. u TT (τ, h) = 0 for all τ and h.
(d2) Stronger version of (d1): The only irrelevant operators that appear in the Ising model are the non-rotationally invariant ones.
We remark that these conjectures (in their stronger form) are sufficient to explain the existing data, but are by no means necessary. For instance, consider the three conjectures (d). All existing square-lattice results require only (d0). Conjectures (d1) and (d2) are supported by the results on the triangular lattice that will be presented in Sec. 5.2 and 6. There we will show µ TT (τ ) = o(τ 4 ), which provides evidence for (d1), and µ(0) = 0 for the scalar operator Q I 4Q I 4 with y = −6, which is our motivation for the conjecture (d2). We wish also to stress that, at least in principle, some properties may hold only on a very specific lattice type and thus the observed properties on the triangular lattice may not extend to the square-lattice case.
Let us note that in the analysis of the scaling corrections the spin of the operator will play an important role. As we already mentioned in Sec. 3.1, all operators of spin 4j (respectively 6j) appear in (4.1) on the square (resp. triangular) lattice, j ∈ IN. However, because of the rotational invariance of the critical theory, nonzero spin operators contribute only at second order in the Taylor expansion of the infinite-volume free energy in powers of u j |u t | −y j /yt .
The square lattice
Let us now use the exact results for F (τ, 0) and M(τ, 0) and the results of [6] to provide evidence for the conjectures we made in the previous section. Setting h = 0 in (4.1) we see that all scaling fields associated with the [σ] family disappear. Since the dimensions of the operators belonging to the energy and to the identity family are integers we predict
where f 0 (τ ) and f 1 (τ ) have a regular expansion in τ . The functions f 0 (τ ) and f 1 (τ ) can in principle depend on the phase, but from the exact solution we know that this is not the case. This implies
Using (2.14), we find that f 1 (τ ) is even in τ , a property that is certainly satisfied if the conjecture (b) is true, i.e. φ({x j }) is an even function of the energy-family scaling fields. If this is true, the energy-family scaling fields would begin to contribute to second order. Let us now consider the magnetization in the low-temperature phase. From (4.1) we obtain (τ < 0)
where the functions ρ k andρ k depend only on the scaling fields of the Z 2 -even operators, and the sums are over all [σ]-family operators. Now, if y k is the dimension of an operator belonging to the [σ] family, y k = −1/8 + 2n, where n is an integer. Therefore, we predict
where M 0 (τ ) and M 1 (τ ) are regular functions of τ . Now, the exact solution gives M 1 (τ ) = 0, a property that is satisfied if the conjecture (c1) is true. Setting M 1 (τ ) = 0, we find a perfect agreement with the exact result. However, the exact result satisfies an additional property: Using (2.15), we have
By using the fact that
) family operator, n ∈ Z, it is easy to verify that such an equation is automatically satisfied if the conjectures (a) and (b) are true.
Let us consider the susceptibility. By differentiating (4.1) and using Eqs. (4.8) and (4.9), we obtain
where all functions depend only on the irrelevant Z 2 -even scaling fields through x j = µ j µ −y j t , φ andφ are defined in Eqs. (4.8), (4.9), and ψ ik,± andψ ik,± are second-order derivatives of f ± andf ± with respect to the [σ]-family fields. The sums over Z 2 -even fields include only the irrelevant ones-the temperature should be excluded-while the sums over [σ]-fields include both the magnetic and the irrelevant ones. Since y j = −1/8 + 2n, n integer, for [σ] operators and y j integer for Z 2 -even operators, this result implies the expansion
where all functions are regular and only A ± and B ± depend on the phase. If we now use the conjecture (c1) we obtainψ ik,± = 0, and therefore B ± (τ ) = 0 in agreement with the results of [6] .
By comparing (4.14) with (2.22), we find B f (τ ) = C(τ ) + D(τ ) log |τ |, so that B f (τ ) should be identical in both phases, in agreement with the results of [6] . However, we predict only a single log |τ |, while in [6] all powers appear. This means that our scaling Ansatz (4.1) is not correct: There are additional resonances that give rise to a more complicated logarithmic structure.
For F ± (τ ) we find
By using the conjectures (a) and (b), we can show that F ± (τ ) is even in τ , in agreement with the results of [6] . Note that the functions λ j (τ ) instead have no specific properties under τ → −τ and indeed B f (τ ) contains all powers of τ . Let us now discuss in more detail the consequences of Eqs. 3 ) has dimension y = −4 − 1/8. Since y h = 2 − 1/8, it gives corrections of order τ 6 . Thus, neglecting corrections of this order, we need to consider only the magnetic operator (the leading one) among the [σ]-family contributions. Second, among the Z 2 -even operators, the leading ones are TT and T 2 +T 2 , both with y = −2. However, T 2 +T 2 is a spin-four operator and thus it may contribute to rotationally invariant quantities only to second order, i.e. it gives corrections of order τ 4 . Therefore, the leading correction (of order τ 2 ) can only be due to TT . Accordingly we write:
Then, since µ TT (τ ) is an even function of τ , we have for the functions G ± (z) defined in (2.24)
By comparing with (2.25), we see that one of the following two conditions must be satisfied: either (ψ ±,hh1 − 2ρ h1 + φ 1 ) = 0 or µ TT (0) = 0. Thus, unless a miraculous cancellation occurs, the absence of the z 2 term implies our conjecture (d0). Equation (2.25) implies also that at least one operator contributes to order τ 4 and a different one at order τ 6 . Note that it is not possible that the contribution of order τ 6 is due to the nonlinear scaling field(s) already contributing to order τ 4 . Indeed, if this were the case, the contribution O(z 6 ) in (2.25) would be independent of the phase as the term O(z 4 ) is. 6 This result is perfectly compatible with the CFT results of Sec. 3 that predict: 
Such expansions already appear in [20] , but assume a very simple form in the variable τ . Finally, let us see which informations we can obtain from B f (τ ). As we already noted our expressions are not compatible with (2.23) because of the presence of higher powers of log τ . We assume here that our parametrization of the free energy gives the correct expression of B f (τ ) up to terms of order τ 4 , since at this order a log 2 τ appears. Under this assumption, we can compute the first terms in the expansion of λ t (τ ). We compare the terms proportional to log |τ |, writing
Usingφ(0) = −1/(2π), this gives for λ t (τ )
It remains unclear why, by factoring out the term k(τ ) 1/4 , the linear term in λ t (τ ) vanishes. Note that the value of λ t2 is correct only if the conjecture (d0) holds.
The triangular lattice
It is very interesting to extend the results of [6] to the triangular lattice. Indeed, in this case it is possible to make a much stronger test of the conjectures we have made.
First, it is easy to see that the exact results [15] for the free energy and the magnetization are fully compatible with the conjectures we have made. Then, let us derive the behavior of the susceptibility. Equation (4.14) is lattice independent and it implies (apart from the logarithmic structure) (2.22) . Therefore, the expansion on the triangular lattice should also have the form (2.22). Also, according to conjectures (a) and (b), we expect F (τ ) to be even in τ , where now τ is defined in (2.27): some evidence will be provided in Sec. 5.2. Therefore, (2.24) should hold with G ± (z) even in z.
Finally, we wish to predict which powers of z should be absent in the expansion of G ± (z). This depends on the operators that can appear. CFT predicts the following: 1. If TT is present, the term of order z 2 should be present barring miraculous cancellations.
2. If the conjecture (d0) is true, as on the square lattice, while the conjecture (d1) is false so that µ TT (τ ) ∼ τ 2 , then the term of order z 2 should be absent and the term of order z 4 should be nonvanishing. The triangular lattice is therefore a better testing ground for our conjectures. Indeed, the conjecture (d1) requires two coefficients to vanish, a very nontrivial fact. Moreover, we are able to distinguish between the conjectures (d1) and (d2).
The large-distance behavior of the two-point function
In this Section we will study the large-distance behavior of the two-point function on the square lattice, reviewing in part the results of [12] , and on the triangular lattice. The square-lattice analysis will confirm the validity of the conjecture (d0), i.e. µ TT (0) = 0. Much more interesting is the analysis on the triangular lattice which will show that µ TT (τ ) = o(τ 4 ), thus providing strong support to the conjecture (d1). We will also find that the subleading corrections due to the zero-spin operator with y = −6 are absent, in agreement with the conjecture presented in the Introduction (conjecture (d2) of Sec. 4.1).
The square lattice
Let us now consider the large-distance behavior of the two-point function for h = 0, τ > 0. For large |x| it has the form [21] G(x, y; τ ) = Z(τ )
From these expressions, we can compute the angle-dependent correlation length ξ(θ) defined from the large-distance behavior of the two-point function along a direction forming an angle θ with the side of the lattice. We obtain
5) where a(τ ) is defined by Eqs. (2.16), (2.18). As already observed in [4] , this expansion shows the presence of a correction of order τ 2 due to the leading irrelevant operator breaking rotational invariance. However, the interesting additional feature is that this term is the only one, i.e. there is no correction due to the rotationally invariant subleading operators [12] . This result is naturally interpreted: The correction we find is due to the spin-four operator T 2 +T 2 and there is no contribution due the scalar operator TT . At order τ 4 there is scalar term, but this does not require the presence of a scalar operator: The angle-independent contribution can be interpreted as due to the square of the spinfour operator T 2 +T 2 . Therefore, the result (5.5) supports the conjecture (d0) and is compatible with the stronger ones (d1) and (d2).
In [12] we also analyzed the on-shell renormalization constant Z(τ ) and found no terms of order τ 2 . We thought this to be a good indication of the absence of both TT and T 2 +T 2 . We now believe that this conclusion was a little bit too hasty. First, (5.3) implies 6) with no corrections to all orders. Of course, we cannot take this as an indication that all operators are absent. Moreover, there is also a conceptual problem: Z(τ ) is defined from the behavior of the two-point function at p = −iM(τ ) and thus we should consider the momentum-dependent nonlinear scaling fields as we did in [12] for the second-moment correlation length. As we shall see in the next Section, no particular simplification occurs in the triangular case, and we find corrections of order τ 2 to the expression (5.6). Thus, the observed cancellation is accidental and does not have any connection with the operator structure of the model.
Finally, we present an argument to make plausible the fact that the functions F ± (τ ) are even in τ . If the short-distance part B f (τ ) were absent, such a property would follow from the symmetry
The interesting observation is that this symmetry property is satisfied by the largedistance expression of G(x, y; τ ). Indeed, using the expressions reported above we immediately verify that
The triangular lattice
We now repeat the same analysis on the triangular lattice. The large-distance behavior of the two-point function along a side of the lattice was computed in [22] . Such expression was generalized in [23] where it was conjectured that the large-distance behavior was given by the propagator of a Gaussian field on a triangular lattice, in analogy with the square-lattice expression. Therefore,
and
(5.14)
The conjectured form (5.9) was checked in the high-temperature limit [23] , by computing the expansion of G(x, y; τ ) in powers of β to order β 15 . Note that, under τ → −τ , we have 15) and
From the large-distance behavior of the two-point function we can obtain the angledependent correlation length ξ(θ) taken along a direction forming an angle θ with a side of the triangles. We have, in terms of the function a(τ ) defined in (2.16), (2.32),
This result provides a very strong check of the conjecture (d2) presented in the introduction. Indeed, the first correction term appears only at order a(τ ) 4 and is proportional to cos 6θ. It is thus unambiguously related to the spin-six operator
there is also a correction term, but it is again proportional to cos 6θ and thus it should be associated to a spin-six operator. Since no new operator appears at this order, it must be identified with an analytic correction due to the operator T 3 +T 3 . At order a(τ ) 8 a constant term and a cos 12θ appear, but they may be due to the square of the operator T 3 +T 3 . In conclusion, this calculation provides very strong evidence for the absence of TT , conjecture (d1)-more precisely it proves that µ TT = o(τ 4 )-and also for the conjecture (d2). Indeed, if (d1), but not (d2), were true, the spin-zero operator Q I 4 +Q I 4 would contribute to order τ 6 , giving rise to an angle-independent term proportional to a(τ ) 6 . The absence of such term supports the validity of (d2).
Interestingly enough, this calculation allows the computation of the first analytic term in the scaling field µ 1 (τ ) that is associated with T 3 +T 3 . Indeed, if the conjecture (d2) is correct, the function a(τ ) given in (2.32) coincides with the temperature scaling field at h = 0 up to terms of order τ 9 , i.e. µ t (τ ) = a(τ ) + O(τ 9 ). Then, we write 19) and fix α by requiring µ 1 (0) = 1. Then
Considering now the function Z(τ ), no particular simplification occurs and a correction term of order a(τ ) 2 appears. Explicitly
As we already discussed in Sec. 5.1, the presence of the quadratic term is probably related to the presence of a momentum-dependent contribution to the nonlinear scaling fields. Finally, we note that (5.8) is also satisfied on the triangular lattice, as it may be easily shown by using (5.16) and (5.17). Again, this gives a plausibility argument for the fact that the function F (τ ) appearing in (2.22) is even on the triangular lattice too.
6 Finite-size scaling at the critical point Recently, there has been much effort in understanding the behavior of the Ising model in a finite box or strip of size L at the critical point h = τ = 0, computing the finite-size free energy f L , energy E L , specific heat C L , and inverse mass gap ξ L . The results obtained are the following:
• In [24] and [7] , f L and ξ L were computed on a strip of width L for several different lattices: It was found that these two quantities have an expansion of the form
Note that in the expansion only even powers of L appear. Moreover, on a triangular lattice f 1 = f 3 = 0 and s 1 = s 3 = 0.
• Salas [9] and Izmailian and Hu [8] 
, extending the results of [25] . They found:
The specific heat has also been computed for a square lattice with Brascamp-Kunz boundary conditions in [26] . However, in this case translation invariance is lost in one direction and thus we cannot apply straightforwardly the results presented here.
In this Section, we want to explain the general features of these results. In finite volume the general scaling expression (4.1) can be generalized by writing (see, e.g., [18, 19, 27, 28] )
where we assume that the bulk contribution is independent of L, or, more plausibly, that it depends on L only through exponentially small corrections [18, 19] , and the functions W and W depend on all scaling fields. Equation (6.6) cannot be correct in general. Indeed, the results of [6] indicate the presence of powers of log |τ | in the susceptibility, which imply the presence of powers of log L in (6.6). These corrections should be relevant only if we consider derivatives of the free energy with respect to h, while here we set h = 0 from the beginning. In this particular case, (6.6) should be correct. If h = 0, the [σ]-family scaling fields do not contribute, so that (6.6) becomes
where the scaling functions depend only on the Z 2 -even scaling fields. By using (4.5) and the fact that the RG eigenvalues y j are even for the identity family and odd for the energy family we obtain
and an analogous formula for W . Therefore, apart from the bulk contribution, even derivatives of F with respect to τ contain only even powers of L, while odd derivatives contain only odd powers of L. This explains the particular structure of the results obtained by [7] [8] [9] since
In particular, (6.10) explains why the odd terms in the expansion of C L are related to those of the energy. For what concerns the logarithms, only C L shows a logarithmic dependence, and only at leading order in L. This may be explained if
By using the results for the specific heat at criticality and in the infinite-volume limit we can compute the asymptotic behavior of W (x) for x → 0 and x → ∞. For x → 0, the results for C L imply
while in order to obtain the correct infinite-volume limit, we should have
These two results make natural the conjecture that
for all x. There are several consequences of these results:
• Relation (6.11) and conjecture (c1) imply conjecture (c2), i.e. that the functionf in (4.1) is a simple constant, as originally suggested by Aharony and Fisher [1] . If this is the case, the function µ t (τ ) coincides with the function a(τ ).
• If (6.14) is correct, we predict that in the expansion of ∂ 2n F/∂τ 2n at the critical point there is only one logarithmic term, with a coefficient that can be computed from the expansion of a(τ ).
Let us now use (6.7) to determine the corrections to the leading behavior. We obtain
where we write µ j (τ ) = µ j (0) + τ µ 1,j + 1 2 τ 2 µ 2,j , the functions W i , and W ik depend only on the identity-family scaling fields through x j ≡ µ j (0)L y j = L y j , and the constant A is defined by (2.16). We have also used the normalization conditions µ 1,i = 1 for the energy-family fields and µ j (0) = 1 for the identity-family fields.
Let us now discuss which corrections should be expected. The important point is that here, at variance with the infinite-volume case, nonzero spin operators can contribute to first order. Indeed, the box breaks the rotational invariance down to the lattice invariance and therefore the mean value of a lattice operator that is not rotationally invariant but has the symmetries of the lattice is nonzero. This implies that no missing term is expected on the square lattice, in agreement with the exact results. Indeed, the lowest operator is the spin-four operator T 2 +T 2 that has y = −2 and belongs to the identity family, and is therefore able, alone, to give rise to all observed corrections.
On the triangular lattice instead simplifications are expected. Consider first, the free energy f L . The absence of the term proportional to L −2 , i.e. f 1 = 0, implies µ TT (0) = 0, confirming once again the conjecture (d0). The next-to-leading operator belonging to the identity family is the spin-six T 3 +T 3 that has y = −4. Therefore, in (6.15) the 6 +T 6 appears and therefore we expect all corrections of the form L −10n−4m to be nonvanishing.
An analogous cancellation is expected for E L . For E L the leading correction terms are 1
where µ 1 (τ ) is the scaling field of the spin-six operator Q ǫ 6 +Q ǫ 6 that has y = −5. Reasoning as before, on the basis of conjecture (d0) alone, we expect no correction of order 1/L 3 but the presence of all other terms. Analogously in C L the L −2 correction should be absent. The results for the correlation length show the same pattern of the free energy. The fact that s 1 = s 3 = 0 on the triangular lattice provides additional evidence for the absence of spin-zero operators in the theory.
It is interesting to notice that a similar finite-size scaling analysis was performed more than 10 years ago for the one-dimensional Ising quantum chain which belongs to the same universality class of the two-dimensional Ising model (for a discussion of their connection, see [29] ). In particular, in [30] the finite-size behavior of the free energy and of the mass spectrum of the model was obtained and then compared in [13, 31] with the predictions of perturbed CFT (see [32] for an updated review of the subject).
Remarkably enough, also in this case the contribution of the energy-momentum tensor exactly disappears and the first non-zero correction is given again by the spin-four operator
7 Finite-size scaling of the susceptibility at t = 0
In the previous section we have discussed several thermal quantities at the critical point and verified that the observed behavior is consistent with the RG and CFT predictions and the conjectures we have made. Here, we want to discuss the finite-size behavior of the susceptibility on the square lattice, and we will check that the correction coefficients depend on the shape of the domain as predicted by the spin nature of the operators. For this purpose we study two different finite square lattices in order to verify the dependence of the corrections on the domain:
In both cases the domain is a square: the first one has boundaries that are parallel to the lattices axes and size L = M, while the second one is rotated by 45 o and has size L = M √ 2. We use periodic boundary conditions. For domain (A) such conditions are obvious, for domain (B) we identify (n 1 , n 2 ) with (n 1 + M, n 2 + M) and (n 1 + M, n 2 − M).
Renormalization-group analysis
The finite-size scaling behavior of the susceptibility can be derived easily, starting from (6.6). As we already said, such an expansion misses some important corrections proportional to higher powers of log L. However, they should only be of interest if we analyzed the asymptotic behavior of χ for τ → 0. Here, we consider χ at the critical point and thus such corrections should vanish.
A simple computation gives at the critical point
where the functions depend only on the identity-family scaling fields, x j ≡ µ j (0)L y j = L y j , and we have used the normalization conditions v i (0) = 1, µ j (0) = 1 for spin-and identityfamily scaling fields.
Since
for the [σ]-family operators and y j = 2n for the identity-family operators, where n is an integer, we have 4) i.e. the corrections contain only even powers of L. On the square lattice we do not anticipate any cancellation, i.e. we expect c k = 0 for all k. Indeed, the leading correction is due to the operator T 2 +T 2 , which has y = −2, and thus gives rise to corrections involving all powers of L −2 . On the triangular lattice instead we expect c 1 = 0, because of the conjecture (d0). All other terms are expected to be nonvanishing. Indeed, the presence of the spin-six operator T 3 +T 3 generates terms L −4n , while the presence of the spin-six operator Q σ 6 +Q σ 6 together with the previous one generates terms L −6−4n . Let us now consider the term that contains a sum over all identity-and energy-family operators. We expect in this case all powers of
On the square lattice we should have d 1 = 0. Indeed, the leading energy-family scaling field is associated with the temperature and gives a contribution of the form 6) and thus generates all even terms in (7.5). The odd terms in (7.5) are generated by the identity-family operators, the leading one being T 2 +T 2 . It gives
and thus generates all odd terms except the first one. Hence d 1 = 0. Note that is cancellation follows from CFT alone and does not require any additional hypothesis.
On the triangular lattice the discussion is similar although a little more complicated. We predict 4 . Thus, the analysis of χ on the triangular lattice would provide some additional evidence for or rule out the conjectures (d1) and (d2).
The transfer-matrix calculation
From the previous discussion, we can write on the square lattice
The constant D 0 is lattice and geometry independent being generated by the bulk free energy, and it is given by B f (0). Explicitly:
The other constants depend on the geometry of the system and in general are expected to be different for the two domains (A) and (B). However, this should depend on the type of operator that generates them. If a term is associated with a spin-zero operator, its value should be identical in both geometries, while if it is the first contribution of a spin-four operator we expect a dependence of the form cos 4θ, where θ is the angle between the boundaries of the domain and the lattices axes. For our specific case, since θ = π 4 we expect the coefficient to change sign. Therefore, we predict
Indeed, c 0 and d 0 are related to the magnetic and to the thermal scaling fields that have both spin zero. On the other hand, c 1 is related to the leading identity-family operator with y = −2. If the conjecture (d0) is correct, this term should be due only to the spinfour operator T 2 +T 2 and thus, according to the previous discussion, it should differ by a sign in the two geometries.
In the following we shall test the predictions (7.10). For this purpose it is interesting to note that the constants d [8, 9, 25] . Indeed, 11) since the leading irrelevant operator contributing to (7.5) has y = −2. Now, λ t (0) is given in (4.23), while the leading contributions to the left-hand side can be derived from the energy at the critical point, since
For geometry (A), using the results of [8, 9, 25] , we have (7.13) where
≈ −0.220065581798270538286514481651 (7.14)
≈ 0.073073526812330794515803384757 (7.15) so that
Note that this calculation relies only on the RG and on the CFT classification of the operators, but does not make use of any of the additional conjectures. In order to check Eqs. (7.8) and (7.10), we performed a transfer-matrix (TM) calculation of the susceptibility. Notice that in general it is more difficult to perform a TM calculation in the case in which both sizes of the lattice are finite than in the case in which one of them is infinite, since one has to keep into account all the eigenvalues of the TM.
Numerical results
Let us see in detail the two cases that we studied:
• Geometry (A)
In this case we computed χ on lattices of sizes up to L = 17. In order to test our methods we evaluated the susceptibility in two ways, by direct differentiation of the free energy and by using the fluctuation-dissipation theorem, i.e. by summing the two-point function. The results are reported in Table 1 . By comparing the two columns one can estimate the size of the systematic errors.
• Geometry (B)
In order to study geometry (B) we used the following trick. As a first step, we performed a decimation of the lattice, i.e. every second spin was integrated out. In this way the number of spins is reduced by half. The price one has to pay is that the Hamiltonian becomes more complicated and contains, in addition to the nearestneighbour interaction, a next-to-nearest neighbour and a four-point interaction. In the presence of an external field also a three-point term arises.
However, now the axes of the decimated lattice are parallel to the axes of the torus. Also, the new Hamiltonian only couples neighboring time slices. Therefore, we can apply the same TM methods used in geometry (A). Our numerical results are given in Table 2 . We computed the magnetic susceptibility by differentiation of the free energy. The largest lattice has M = 12, which corresponds to L = 16.98, and is thus completely equivalent to the largest lattice used in geometry (A).
Analysis of the data.
We will now use the TM data to check the theoretical predictions. We expect that the error induced by the error on χ given in Tables 1 and 2 is small compared to that due to the neglected higher-order corrections in (7.8) . Therefore, instead of performing a fit, we considered as many data points as the number of free parameters of the Ansatz, and then required the Ansatz to be exact for them. This gives a system of equations that is then solved for the free parameters. We always used consecutive values of
where n is the number of free parameters. Errors were estimated from the variation of the results with the lattice size and by comparison of different Ansätze.
As a preliminary test we checked that y = −2 for the leading correction to scaling. For this purpose we studied the Ansatz
with c 0 , c 1 , and y as free parameters. The results are summarized in Table 3 . For both geometries the numerical result for y approaches −2 as L increases. For our largest lattice sizes, the deviation from −2 is about 1%. In the following analysis we shall assume y = −2.
Next we analyzed the data with (7. Our predictions (7.10) appear to be very well satisfied. Moreover, our result for c 0 is in good agreement with, although much more precise than, the estimate 7 of [20] , c 0 = 1.09210 (11) .
If we assume d = 0.0790(2), (7.25) where the error was obtained by comparing the results with and without the parameter d 2 .
From the above analysis we see that, within the errors, the coefficients of the 1/L 2 correction are equal in magnitude and opposite in sign for the two geometries. Since the two lattices are rotated by π/4 this implies that this correction is completely due to the spin-four operator T 2 +T 2 and that the scalar operator TT is absent, in agreement with the conjecture (d0).
Concluding remarks and open issues.
In this paper we have discussed the presently available results for the corrections to scaling in the two-dimensional Ising model. We have shown that all results are in agreement with the RG and CFT predictions. The only missing point here is a complete analysis of the RG resonances and consequently an extension of the scaling forms (4.1) and (6.6) to take into account the logarithmic structure found in [6] . We have also shown that the existence of an exact symmetry in the lattice models that maps the high-temperature phase onto the low-temperature one plays a very important role and explains the symmetry properties of the results.
However, the lattice Ising model shows also features that are not predicted by CFT and RG and that can be explained if some additional conjectures are made. A list of them is reported in Sec. 4.1. Let us summarize the evidence we have:
• Conjectures (a) and (b). They allow to explain the symmetry properties under τ → −τ of the free energy and of its derivatives for h = 0. Further evidence may be obtained by analyzing χ on the triangular lattice and checking whether the functions F ± (τ ) are even in τ .
• Conjecture (c1): The functionsf ± do not depend on the [σ]-family fields. This is supported by the exact known results for F (τ, 0) and M(τ, 0) and by the results of [6] . Further evidence is obtained from the absence of a leading logarithmic correction in higher-point correlation functions [10, 11] .
• Conjecture (c2): The functionsf ± are constants (this is the original conjecture of [1] ). The independence off ± from the Z 2 -even scaling fields is supported by the finite-size results of [8, 9] discussed in Sec. 6. The conjecture follows from this observation and the conjecture (c1). Conjecture (c2), together with the conjectured formula (6.14) can be further checked by computing the logarithmic term(s) in ∂ n F/∂τ n at the critical point for n > 2.
• Conjecture (d0): The nonlinear scaling field of TT vanishes at the critical point.
On the square lattice we have ample evidence in favor of (d0), which is the only conjecture needed to explain the existing results. Indeed, it is supported by:
(1) The infinite-volume results of [6] .
(2) The behavior of ξ(θ) discussed in Sec. 5.1.
(3) The dependence of χ at the critical point from the boundary conditions, see Sec. 7.
(4) The behavior of the two-point function at the critical point, see [33] .
(5) The behavior of the free energy on the critical isotherm, see [3] .
Moreover, all triangular-lattice results are compatible with it. For these reasons, we believe it is more than a conjecture and it is essentially proved. It is interesting to notice that a similar cancellation is observed in the finite-size scaling behavior of the free energy and of the mass spectrum in the one-dimensional Ising quantum chain, see [13] .
• Conjecture (d1): The operator TT is decoupled. We have evidence for the validity of this conjecture in the triangular-lattice Ising model. The analysis of the correlation length ξ(θ) on the triangular lattice shows that µ TT (0) vanishes at least up to terms of order O(τ 6 ). There are several calculations that should be feasible and would add further support to the validity of (d1) on the triangular lattice:
(1) The extension of the results of Ref. [6] to the triangular lattice.
(2) The study of the dependence on the boundary conditions of the observables studied in Sec. 6 at the critical point on the triangular lattice. This would unambiguously identify the spin of the leading irrelevant operator.
(3) The study of χ at the critical point on a triangular lattice. It is particularly important to verify whether d 3 , cf. (7.5), vanishes or not. If it does, it provides the only available evidence for λ TT (0) = 0, and thus it would strengthen the conjecture.
• Conjecture (d2): Only nonzero-spin operators are present. We have evidence for this conjecture on the triangular lattice. The absence of spin-zero operators beside TT is based on the results of Sec. 5.2 and 6 where we showed that the existing exact results require µ(0) = 0 for the spin-zero identity-family operator Q I 4Q I 4 with y = −6. The studies (1) and (2) .
Of course, as they stand, these conjectures are just "ad hoc" prescriptions, whose only merit is that of providing an economical way to explain all existing results. It would be very important to understand if there is some symmetry argument that could explain them.
There remain several open questions. First of all, one may ask whether these conjectures apply to the nearest-neighbor Ising model on any regular lattice or whether some of them depend on the lattice structure. Another important question is how important the nearest-neighbor condition is: Do some of these conjectures apply also to the Ising model with extended interactions? Finally, one may ask whether these cancellations are also observed in other models. Concerning this last question, we should mention the results of [34] for the three-state Potts quantum chain, which were compared with the CFT predictions in [13] . Again, the energy-momentum tensor contribution turns out to be compatible with zero. However, at variance with the Ising case, there is here, at next-to-leading order, a clear signature of a finite-size correction due to a scalar irrelevant operator. Even if the Potts case is slightly different from the Ising one, since this irrelevant operator is actually a primary operator (more precisely is the one with conformal weight h = 7 5 ), this result indicates that our conjecture (d2), if true, is specific of the Ising model and could be somehow related to the fact that the model is soluble on the lattice. On the other hand, the vanishing of the correction due to the energy-momentum tensor seems to be a more general phenomenon. In order to understand the validity of (d0), it would be interesting to extend these analyses to the generic q-state Potts model or to other specific values of q (for instance, to percolation).
